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In this paper wc prove that a properly embedded constant mean 
r^ ' curvature surface in H^ x R which has finite topology and stays at 

a finite distance from a vertical geodesic line is invariant by rotation 
around a vertical geodesic line. 



1 Introduction 






In 1988, W. Meeks [12] proved that, in R , a properly embedded annulus 

^^ I with non vanishing constant mean curvature (cmc, in the following) must 

^sO ' stay at a bounded distance from a straight line. Then N. Korevaar, R. Kus- 

j^ . ner and B. Solomon [8] proved that any properly embedded constant mean 

^nq I curvature surface staying at a bounded distance of a straight line is rota- 

tionally invariant and then a Delaunay surface. 
(3 ' These results imply that any end of a finite topology properly embedded 

^N I cmc surface is asymptotic to a Delaunay surface. So this allows a description 

of the space of all properly embedded cmc surfaces with finite topology (see 
the paper of R. Kusner, R. Mazzeo and D. Pollack [9]). 
^ I N. Korevaar, R. Kusner and B. Solomon used the Alexandrov reflec- 

tion procedure to prove their results. In fact, their proof works in higher 
dimension and also in H" [7]. 

Recently the theory of cmc surfaces is developed in 3-dimensional ho- 
mogeneous spaces. One interesting case is the ambient space H^ x M. The 
group of isometries of H^ x M possesses rotations around vertical geodesic 
lines p X M where p is a point of H^. So one can look for embedded cmc 
surfaces invariant by rotation around such a geodesic line, this was done by 
Hsiang and Hsiang in [6]. For any mean curvature Hq, they find rotationally 
invariant surfaces but these surfaces stay at a bounded distance from the 
vertical geodesic axis only for Hq > 1/2. In the sequel, we will focus on 



the case Hq > 1/2. Among these rotationaUy invariant surfaces, certain are 
spheres and, actually, they are the only compact embedded cmc surface in 
H^ X M [6]. The other ones are periodic with respect to a vertical translation. 
For example, we have the vertical cylinder C x M where C is a circle in H^. 
So these surfaces correspond to the Delaunay surfaces in M'^ and they are 
also called Delaunay surfaces in H^ x M. 

A subset of H^ xM which is at a bounded distance from a vertical geodesic 
line will be called cylindrically hounded. So, as in the paper of Korevaar, 
Kusner and Solomon: can we classify properly embedded cmc surface that 
are cylindrically bounded? The main result of the paper (Theorem 1 14p gives 
an answer to this question. 

Theorem. Let S be a properly embedded cmc surface in H^ x M. 
If S has finite topology and is cylindrically bounded, S is a 
Delaunay surface. 

So any cylindrically bounded cmc annulus in H^ x M is a Delaunay sur- 
face. Let us make a remark about the limit case Hq = 1/2. Li M^, the results 
of Meeks and Korevaar, Kusner and Solomon imply that any properly em- 
bedded cmc Hq > annulus is rotational. For Hq = 0, we also know that a 
properly embedded minimal annulus is a catenoid and thus rotational (see 
Collin [3]). In 'M? x M, we do not have such a rigidity. Actually, Cartier and 
Hauswirth j2] have recently constructed a properly embedded cmc Hq = 1/2 
annulus in H^ x R whose ends are asymptotic to rotational ones but which 
is not rotationally invariant. 

We notice that a vertical cylinder C x M has mean curvature larger 
than 1/2. Thus, any properly embedded cmc surface which is cylindrically 
bounded has mean curvature Hq > 1/2. This is a consequence of the half 
space theorem in H^ x M (see [13] and [TT], for example). So we can focus 
ourselves only on the Hq > 1/2 case. 

The proof of the theorem is also based on the Alexandrov reflection 
technique but the space of planar symmetries in H^ x M is smaller than in 
M^ (in M^ it is a 3 dimensional space and in H^ x R it is only 2 dimensional) . 
So the ideas of Korevaar, Kusner and Solomon can not be applied. 

First we remark that we already know that a compact embedded cmc 
surface is a rotational sphere so we only consider non compact surfaces. 
For a non compact cylindrically bounded cmc surface S and a foliation of 
H^ X M by vertical planes, we define a function q on M called the Alexandrov 
function. One proprety of this function is that, if a admits a maximum, 
S is symmetric with respect to a vertical plane of the foliation. To prove 



that S is rotationally invariant, it suffices to prove that it is symmetric with 
respect to a lot of vertical planes. So we want to prove that any Alexandrov 
function has a maximum. 

If the surface S has finite topology, we know by previous results [5] that 
it has bounded curvature. So we can control the asymptotic behavior of 
the surface. This gives informations about the behavior of the Alexandrov 
function a near ±00. Then we prove that a is decreasing near +00 and 
increasing near —00: this implies that a has a maximum. To prove this 
monotonicity result we use a flux argument similar to the one of the Positive 
flux lemma proved by Korevaar, Kusner, Meeks and Solomon in [7]. 

We notice that the proofs given in this paper work also in §^ x M: they 
prove that a properly embedded constant mean curvature surface with finite 
topology in Z) X R is rotationally invariant where D is geodesic disk in S^ of 
radius less than 7r/2. 

The paper is divided as follows. In Section [2l we recall several result 
concerning cylindrically bounded cmc surfaces in H^ x M. In Section [3l we 
recall the construction of the Delaunay surfaces. In Section HJ we define 
the Alexandrov function and give its properties, we study the asymptotic 
behavior of an annular end of a cylindrically bounded cmc surface. Finally 
we state our main result and give the main steps of the proof. Section [5] 
is devoted to the study of horizontal Killing graph, i.e. cmc surfaces that 
are transverse to the horizontal Killing vector field generating horizontal 
translations in H^ x M. The last section is devoted to the study of the 
monotonicity of the Alexandrov function near ±00. The main idea is to 
compare the flux along the surface with the flux along a comparison surface 
which is constructed as a horizontal Killing graph. 

All along the paper, we use z to denote the real coordinate in H^ x 
M. On H^, we consider the polar coordinates (p, 0) in Section [3] and a 
i^s^r) coordinate system in Sections [5] and El This last coordinate system 
is adapted to the Killing vector field that generates translations along a 
geodesic line. 

2 Previous results 

In this section, we recall different results concerning properly embedded cmc 
surfaces in H^ x M. Most of them can be found in the papers of D. Hoffman, 
J. de Lira and H. Rosenberg jSJ [T7] and the one by N. Korevaar, R. Kusner 
and B. Solomon [8]. We also explain the convergence we will consider for 
sequences of cmc surfaces with bounded curvature. 



2.1 Flux 

This first subsection is devoted to the notion of flux for cmc surfaces that 
was introduced in several preceding papers (see for example [3 [5] ) . 

Let U he a bounded domain in H^ x M whose boundary is the union 
of a smooth surface E and a smooth surface Q with common boundary 
9S = dQ. So the boundary dU is piecewise smooth. Let us denote by n the 
unit outgoing normal along dU and n^ and uq the respective restriction of 
n along S and 5" (see Figure [T|) . 

Let y be a Killing vector field of H^ x M, we have 

= / dive2xM Y = / Y ■ ns + / Y ■ uq 

JU JT. JQ 

where divjj2x]R is the divergence operator on 'M? x M. 

Let V be the outgoing unit conormal to S along 9S. Along S the vector 
field Y can be decomposed into the sum of a tangent part Y and a normal 
part y-*-. We have 

= / divE Y = I divs Y^ + [ divs Y^ = [ Y ■ i7 + [ 2HY ■ n^ 
JT. Jt, Jj: JdT. Jt, 

where div^; is the divergence operator on S acting on any vector field of 
H^ X M defined along S and H is the mean curvature of S computed with 
respect to — n^- 

Thus, if S has constant mean curvature Hq, we have 



/ Y-i7-2Ho f Y-UQ. (1) 

JdT. JO 





IdT. 

Now let us consider E a cmc Hq surface and 7 a smooth closed curve in 
S. Let Q be a smooth surface in H^ x M with boundary 7. For a Killing 
vector field Y , we define the quantity 

F^{Y)= fY-u-2HofY-nQ 
Jl JQ 

where, as above, V is the conormal unit vector field of S along 7 and nq is 
a unit normal along Q (the choice of these normal vectors is consistent with 
the above computations). Because of Formula ([T|), the quantity F^{Y) does 
not depend on the choice of Q and depends only on the homology class of 
7 in E. -F'y(y) is called the fiux of S along 7 in the direction Y . 

In fact, the map Y 1— )• F^iY) is linear so it can be seen as an element of 
the dual of the vector space of Killing vector fields. This element is called 
the fiux of S along 7. 




Figure 1: Computation of the flux 



2.2 Linear area growth 

In this subsection, we recall a result concerning the area growth of a cylin- 
drically bounded properly embedded cine surface in H^ x R. 

Let S be a properly embedded cmc surface with possibly non-empty 
compact boundary. We say that T, has linear area growth if there exists two 
constants a and /? such that Area{J^ n {a < z < b}) < a{b — a) + (3 for any 
a<beR. 

We then have the following result. 

Proposition 1 (Corollary 1 in [5] or Theorem 14 in [E]). Let S C H^ xM 6e 
a properly embedded cmc surface with possibly non-empty compact boundary. 
If S is cylindrically bounded, S has linear area growth. 

We notice that in this result we do not make any hypothesis on the 
topology of the surface S. Besides, the original proof in [5] contains a 
mistake, it has been corrected by Rosenberg in |17] . 



2.3 The height function 

On a properly embedded surface S in H^ x M the restriction to the surface 
of the real coordinate z is called the height function on S. For a cmc Hq 
surface, this height function has several properties. 



Lemma 2. Let T, be a non compact properly embedded cylindrically bounded 
cm,c Hq surface in iP x M. The height function can not be neither bounded 
from above nor bounded from below. 

The idea of the proof can be found in the proof of Theorem 1.1 in [H] 
or Proposition 2 in [5]. 

Proof. For example, let us assume that the height function is bounded from 
below. We can apply Alexandrov reflection technique with respect to hor- 
izontal slice H^ X {t}. Since S is bounded from below, for t small, S does 
not intersect H^ x {t}. Thus we can start the reflection procedure up to a 
first contact point. But since S is non compact, a first contact point can 
not exist. Indeed, if there is a first contact point, the maximum principle 
would imply that S is symmetric with respect to some H^ x {to} and thus 
compact. 

So the reflection procedure can be done for any t and this implies that 
the part of E below {z = t} is a vertical graph with boundary in {z = t}. 
The height of such a vertical graph is bounded from above by a constant 
that depends only on Hq (see [1]); thus the Alexandrov procedure has to 
stop. We get a contradiction. D 

When the surface S is an annulus we have the following property (see 
Lemma 4.1 in [5]). 

Lemma 3. Let Hq > 1/2 be a real number, there exists an M > that 
depends only on Hq such the following is true. Let A be an embedded annulus 
A C H^ X R of constant mean curvature Hq with boundary outside H^ x 
[0,-/Vf]. Then ACiM.'^ x [0,M] has at most one connected component A such 
that z{A) = [0,M]. 

2.4 Uniform curvature estimate 

In this subsection, we recall an estimate of the norm of the second funda- 
mental form of a cylindrically bounded properly embedded cmc surface in 
H^ X R. Precisely, Hoffman, de Lira and Rosenberg proved the following 
result. 

Proposition 4 (Theorem 3 in [5]). Let T, be a properly embedded cmc sur- 
face with finite topology and possibly non-empty compact boundary. If S 
is cylindrically bounded, the norm of the second fundamental form \A\ is 
bounded on S. 



2.5 Convergence of sequences of cmc surfaces 

In the following, we will consider sequences of cmc surfaces coming from 
the translations of a given cmc surfaces with bounded curvature. In this 
subsection, we explain how these sequences converge to a limit cmc surface. 
The surfaces we consider have a uniform curvature bound. 

Considering the normal coordinates around a point in H^ x M, a constant 
mean curvature surface in H^ x M can be viewed has an immersed surface 
in M^. A bound of its second fundamental form in H^ x M is equivalent to 
a bound in M^. We have the following classical result. 

Proposition 5. |3, \16^ Let S be an immersed surface in M^ whose second 
fundamental form satisfies \A\ < 1/(45) for some 5 > 0. Then for any x G S 
with d{x, dTi) > 46 there is a neighborhood of x in T, which is a graph of a 
function u over the Euclidean disk of radius \/25 centered at x in the tangent 
plane to Ti at x. Moreover 

, , , , , 1 

\u\ < 25, \Vu\ < 1, and \V u\ < - 



Let S be a cmc Hq surface {Hq ^ 0) that bounds a domain D in H^ x M 
[D is in the mean convex side of E) and with a uniform curvature bound. 
Let p G S be a point and 7 be the geodesic line starting from p in the 
direction of the mean curvature vector. Let q be the first point where 7 
meets S (if it exists). If q is close to p. Proposition [5] implies that 7 is close 
to be normal to S at q. Moreover, since 7 is in D between p and g, the mean 
curvature vector to S at g points in the opposite direction to the velocity 
vector of 7 at q. But since Hq > 0, this implies that p and q can not be 
too close from each other. More precisely, we have the following result that 
gives a local description of the surface. 

Proposition 6. Let S be an embedded cmc Hq surface in H^ x M (Hq > 0) 
which bounds a domain D in its mean convex side. Moreover we assume that 
its second fundamental form satisfies \A\ < k for some k > 0. Then there 
exists R = R{k) > such that the following is true. For any p G H^ x M, 
there exists at most two topological disks A^ and A^ in S n B{p,2R) such 
that TjH B{p,R) = (A^ U A'^)r\ B{p, R). Moreover, when there is two disks, 
the domain between the two disks in B{p,R) is outside D 

The above proposition says that a local description of the surface S is 
given by one of the pictures in Figure [2j 

Now let us assume that we have a sequence (S„) of properly embedded 
cmc Hq surfaces with uniformly bounded curvature and bounding a domain 



One disk; 




Figure 2: The local description of a cmc surface 



Dn in their mean convex side. For each compact subset K of H^ x M, (KCiYln) 
is a sequence of compacts sets so by a diagonal process we can assume that 
the sequence (Il„) converges in the Hausdorff topology restricted to each K 
to a limit that we call S. Let p be in S, there exists pn € S„ such that 
Pn -^ P- From Proposition [5l Pn is the center of a geometrically controlled 
disk A^. By considering a subsequence we can assume that A^, converges 
to a cmc Hq disk A^. We then have A^ C S. 

Let R be given by Proposition H li T, n B{p,R) = A^ n B{p, R), this 
implies that the whole sequence A^ converges to A^. If there is g G (S n 
B{p, R))\A^, there exist qn G S„ and Qn is in the second disk A^ given by 
Proposition [6l By considering a subsequence we can assume A^, converges 
to a cmc Hq disk A^. We notice that A^ is different from A^ since it 
contains q. We then have A^ C S. From Proposition [6l we can be sure 
that E n B{p, R) = (A^ U A^) n B{p, R). In fact this implies that the whole 
sequence (A^) converges to A^. 

To complete our local description of S, we notice that A^ and A^ can 
touch each other but, at these contact points, the mean curvature vector 
have opposite value. Besides S bounds the domain D which is constructed 



has the hmit of the domain Dn- This prove that S is what we call a weakly 
embedded cmc Hq surface. 

Definition 1. A properly immersed cmc surface T, is said to be weakly 
em,hedded if there exists an open set O such that S is the boundary of VL and 
the mean curvature vector o/S points into i7. 

As an example, two rotational cmc spheres that are tangent form a 
weakly embedded surface. The union of two vertical cylinders tangent along 
a common vertical geodesic line is also weakly embedded. 

We say that a weakly embedded surface is connected if the underlying 
abstract surface S is connected. As an example, two rotational cmc sphere 
tangent at a point is not a connected weakly embedded surface. 

Finally, we remark that we have proved that the sequence S„ converges 
smoothly in any compact sets to the surface S. 

3 Delaunay surfaces 

In this section, we briefly recall the construction of the embedded cmc sur- 
faces that are rotationally invariant around a vertical axis. We only focus 
on surfaces with H > 1/2 (see [6] and [15] for more details). 

Let (/9, 6) be the polar coordinates on H^ so the metric is dp^+(sinh p)^d0^. 
We look for surfaces of revolution; so we can look for the graph of a function 
u = f{p), we will orient this graph using the upward pointing unit normal. 
Since we want a constant mean curvature H graph, the function / satisfies 
the following equation 

/' 

: sinh p — 2i?(cosh p — 1) = r 



where r is a constant. In order to have a solution, r has to satisfy 

— sinhp — 2H{cosh.p — 1) < r < sinhp — 2H{cosh.p — 1) 

The graphs of the functions in the left-hand and right-hand sides are given in 
Figure [3l So in order to have a solution with non empty definition set, r has 
to be chosen less than 2H - \/4:H'^ - 1. Actually, for t = 2H - \/4i/2 _ i^ 
we find the surface p = argth 2H which is the vertical cylinder of constant 
mean curvature H. 

For all values of r < 2H — yjAH'^ — 1, a solution / can be defined for 
P G [Pminij)^ prnaxij)]. This solution / has the following properties (see 
Figure S]) : 



2H - V4.H^ - 1 




sinhp — 2i?(cosh/9 — 1) 



— sinhp — 2_ff(coshp — 1) 
Figure 3: The domain of definition of solutions 



• if < r, < Pminir), f is increasing and fipminir)) = +oo = 

f'iPmaxir)). 

• if T = 0, = Pmin(O), / is increasing, /'(O) = and f'{pmax{0)) = +oo. 

• if T < 0, < Pminir), fipminir)) = -OO and f'{pmax{T)) = +00. 

In each case, the graph of the function n is a piece of a cmc H surface of 
revolution that can be extended along its boundary by symmetry to produce 
a complete rotationally invariant cmc H surface Dr- When r > we produce 
an embedded surface called unduloid. When r = we produce a cmc sphere. 
For T < 0, we get a non-embedded surface called a nodoid. 

The parameter r can be interpreted as a flux on the surface. More 
precisely, if 7 is the circle P^ H {z = i}, 27rr is the flux of P^ along 7 in the 
direction dz- 

4 The Alexandrov function and the main result 

In this section we introduce the notion of Alexandrov functions. Then we 
study the annular ends of a cylindrically bounded properly embedded cmc 
surface. We then explain the proof of our main theorem. 
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Pmin(T) Pm,ix(T) 

r >0 




Pma,T{0) 




T = 



Pmin{T) Pmaxir) 

r <0 



Figure 4: The solution of the equation 



4.1 The Alexandrov function 

The notion of Alexandrov function was introduced by Korevaar, Kusner and 
Solomon in [S] for W^. Let us explain what is the situation in H^ x JR. 

Let r = (7j)tGR be a smooth family of geodesic lines that foliates H^. We 
define Vf = Us^tls, ^t i^ ^ ^^^^ hyperbolic space bounded by 74; we also 
define F^ = Us<tls- Let Ut be the vertical plane 74 x M in H^ x R. Let 5j 
denote the symmetry of H^ with respect to 7t. /St extend to the symmetry 
of H^ X M with respect to lit, we still denote by St this symmetry. Among 
all these foliations, we say that F is a translation foliation if all the geodesic 
lines 7s are orthogonal to one common geodesic line g. 

For an open interval / of M, let G be a cylindrically bounded domain 
in H^ X I such that dG n (H^ x /) is a smooth connected surface S with 
possibly non empty boundary in the horizontal slices at height given by the 
end points of /. 

Let us fix some zq in /, we focus on what happens at height zq. So we 
denote S^^ = S n {z = zq} which bounds G^^ = G Ci {z = zq} and we 
consider that F foliates H^ x {^o}- Since G is cylindrically bounded, for t 



large Sj.^ (t) = S^^ n F^ is empty. If S^q is non empty, there is a largest 
ti such that T,zo{ti) 7^ 0. For t < ti, we consider Sz„(0 = 'S't(5^zo(0) the 
symmetric of ^^^(t) with respect jf We notice that ^^^(i) is included in 
F^ and that, for small t, ^^^(t) is outside Gzq- So we can define 



t2izo) = sup{t < h I S,„(t) n S,„ / 0}. 



We also define 



t3(zo) = sup{t < ti \3p £ S^Q n 7i, TpS is orthogonal to 7^ x M}. 
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Finally we define ar(-zo) = iiiax(t2(^;o);^3(-2o)); if "^zo is empty we define 
CKr(-2o) = — oo. This number can be understood as the first time where 
there is a contact between S2o(t) and S^p n T~[ . In fact, for t > ar{zQ), 
S^o(t) C Gzg- The function zq i— )• ar(-2o) is called the Alexandrov function 
of S associated to the foliation T. This Alexandrov function has a first 
important property. 

Lemma 7. The Alexandrov function uy is upper semi- continuous. 

Proof. Let (zn) be a sequence in / converging to zq in /. If S^q is empty, T,z„ 
is empty for large n, so ar is upper semi-continuous at zq if ar(-2o) = — oo. 
So we can assume ar(^n) > — oo for every n. We can also assume that either 
(Xrizn) = t2{zn) for all n or aY{zn) = t^{zn) for all n. In the second case, we 
have a sequence of point pn £ Sz„ n 7*3 (2„) such that Tp^S is orthogonal to 
7t3(^n) ^ ^- ^^ "^^^ assume that i3(zn) — ^ limsupar(-2n) = ^o and p„ — ;• po- 
Then po £ 5]2o n 7^0 and Tp^S is orthogonal to 7to x M. This implies that 
to < ^3(^0) < ar(2o)- 

If we are in the first case, there is a sequence of point p„ in Tjzn{t2{zn)) 
such that St^(^zn)(Pn) ^ ^2n- We can assume that t2{zn) —5- limsupar(2;n) = 
to and Pn — > Po- Thus po £ 5]zQ(to) or po G ^^o '^ 7to- I'^ the first case 
Stoipo) G Szo so io < ^2(2:0) < ar{zo). In the second, since St^(^z^){pn) G S^^ 
and converge to po, the tangent space Tp^T, is orthogonal to 7t,j x M. So 
io < t^^zo) < ar^zo). This finishes the proof. D 

The second important property is a consequence of the maximum prin- 
ciple when S has constant mean curvature. 

Lemma 8. Assume that S is connected, has constant mean curvature and 
the mean curvature vector points into G. If the Alexandrov function ar has 
a local maximum at z, T, is symmetric with respect to n^j^^^)- 

Proof. Assume that z is a local maximum of ar- Let p G S^ such that 
p G T,z{ar{z)) and 5q,j,(z)(p) G S^ if ariz) = t2{z) or p G lar{z) x ^ and 
TpS is orthogonal to 7ap(z) x M if aY-{z) = t^{z). In both case, since z 
is a local maximum of ar, near Sa-^(^z)ip)i 'S'ap(z)(S) is on one side of S. 
Moreover these two surfaces have the same orientation at Saj.{z){p)- So 
applying the maximum principle or the maximum principle at the boundary 
for cmc surface, we get that S is symmetric with respect to 110,^(2) D 

These two results has the following consequence 

Lemma 9. Let S be as in Lemma\^ if or > —00 on [a,b] then: 
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• ar is monotonous, or 

• there exists c £ [a, b] such that ar is decreasing on [a, c) and increasing 
on (c, b] . 

Proof. First, from Lemma [HI we remark that, if ar has a local maximum at 
z, S is symmetric with respect to liariz) so ar(-2) is a global minimum for 
ar on [a, b] so ar is constant close to z. 

Let x,y be in [a, 6]. Since ar is upper semi-continuous, sup^^, y] ar is 
reached somewhere in [x, y\. If it is in the inside, the above remark implies 
that ar is constant on [x,y]. Thus the maximum is always reached at x or 
y. So we have supr^ i ar = sup{ar(x), ar(2/)}. 

Let {xn) be a monotonous sequence converging to c S [a, 6] such that 
limar(xn) = infja^f,] ar- We assume that {xn) decreases (the same argument 
can be done if it increases) . 

Let us consider x < y < c. If ar(y) = infj^j^,] ar, for any z £ {y,c), 
«r(-z) < Oir{xn) so ar{z) = inf[„ j,] ar- ar is constant on {y,c) so it is 
constant on [a,b]. So we can assume ar{y) > limar(x„). Since ar{y) < 
max{ar(x), ar(xn)}, we get ar{x) > ar(y): ar decreases on [a,c). 

Let us now consider c < x < y. As above we can assume ar{x) > 
limar(x„). Since ar{x) < max{ar(y),ar(x„)}, we get ar{x) < ar{y)'- ar 
increases on (c, 6]. 

When c = a or 6, ar can be monotonous. D 

If S is a weakly embedded cmc surface which is cylindrically bounded, 
we notice that the Alexandrov functions can also be defined on it. These 
functions satisfies also to Lemmas [8] and [9l 

4.2 Asymptotical Delaunay ends 

In this subsection we prove that a cylindrically bounded annular ends of a 
cmc surface is asymptotic to a Delaunay surface T>r- 

Let ^ be a properly embedded annular end with cmc H and which 
is cylindrically bounded. The annulus A can be viewed as the punctured 
disk embedded in H^ x R with boundary in H^ x {0}. The height function 
converges to ±00 at the puncture. If the limit of the height function is +00 
A is said to be a top end and if the limit is —00 A is a bottom end. In the 
sequel we always study top ends, since the properties of bottom ends can be 
deduced by symmetry with respect to {z = 0}. The annular end A bounds 
a cylindrically bounded domain G so we can define Alexandrov functions on 
A. 
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Prom Proposition [H A has linear area growth. Proposition [5] gives a 
uniform bound on the second fundamental form on A. This two properties 
are sufficient to study the limit of slight-back sequences t_2„(A) where (zn) 
is an increasing sequence going to +00 and tj denote the vertical translation 

by z. 

Proposition 10. Let A be a properly embedded annular end with cmc H 
which is cylindrically bounded (H > l/2j. Let (z„) be an increasing se- 
quence converging to +00. There is a parameter r € {0,2H — y/AH"^ — 1] 
that depends only on A (not on {zn)) and a subsequence {zn') of (zn) such 
that t-z i{A) converges to a rotationally invariant Delaunay surface P^. 
Moreover the axis ofD^ only depends on A. 

Proof. Let s 1— )■ 7(5) be a geodesic in H^. Let 7^ denote the geodesic line 
of H^ orthogonal to 7 at 7(5). Then P-*^ = (7^)sgK is a fohation of H^, so 
we can consider the Alexandrov function api of A. From Lemma [9l Opi is 
monotonous close to +00. Moreover, it is bounded so it has a limit at +00. 
by changing the parametrization of 7, we assume that this limit is 0. 

Let 6 be an irrational angle and consider the geodesic line 7^ of H^ which 
meets 79 with an angle 6 at 7o(i)- P^ = {7t)teR is a foliation of H^ so we 
consider the Alexandrov function ar2 of A. As above, this function has a 
limit at +00 and we can assume it is 0. We denote by p the point where 7q 
and 7q meet. We notice that the position of this point p will fix the axis of 
the Delaunay limit surface. 

Now let us consider an increasing sequence (z„) with limit -|-cxd. Prom 
Subsection 12.51 a subsequence of t-z„{A) (still denoted t^zni^)) converges 
to a properly weakly embedded surface S with constant mean curvature H. 
Moreover S is cylindrically bounded. 

Claim 11. The surface T, is connected and non-compact. 

Proof of the Claim. Assume S has a compact connected component S'. This 
implies that, for large n, there is a part of t^zni^) that is graph over T,' . So 
A would possess a compact component, this gives a contradiction. 

Assume now that S has two non compact connected components S' and 
S". We recall that the height function on S' and S" can not be lower or 
upper bounded (Lemma [2]). So there is a connected component of E'n {0 < 
z < M} and one of E" n {0 < z < M} with boundary in both {z = 0} and 
{z = M}. So this implies that for large n, ACi {zn < z < Zn + M} possesses 
at least two connected components with boundary in both {z = Zn} and 
{z = Zn-\- M}. This is in contradiction with Lemma [3] when M is large. D 
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The existence of a limit for the Alexandrov function api and Qp2 has 
the following consequence. 

Claim 12. The surface S is symmetric with respect to 7q x M and 7q x R. 

Proof of the Claim. We only write the proof for 7q x M. Let Sj denote the 
symmetries associated to the foliation F^. We want to prove that S'Q(Snr(J') 
is on one side of S n T^ and these surfaces touch each other (eventually in 
the boundary). If it is true the maximum principle applies and we get the 
symmetry with respect to 7q x M. 

So let us fix zq inM a regular value of the height function on S. Because 
of the properness, any value t close to zq is also a regular value of the height 
function. So S n {zq — £ < z < zq + e} consists in a finite union of annuli 
transverse to horizontal slices of H^ x R. 

Let An denote the sequence t-^^ (A) and Gn = t-.z„ {G) (where G is the 
domain bounded by A). We also denote by G the domain bounded by S 
and tn = a-pi {t + Zn) for some t £ {z — e, zq + e): we have tn — )■ 0. Because of 
the transversality and the convergence, we have A^nlz = t} — )■ Sn{z = i}. 

Besides, from the definition of the Alexandrov function, S^ {An n Vf n 
{z = t}) is in G„ n {z = t}. Thus, by taking the limit, S'(J(S n F^ n {z = t}) 
is in G n {z = t}. Since we have this for any t £ (zq — e, zq + e), we have 
Sq {T,riTQn{zo—e < z < ZQ+e}) C G so it is on one side of SnF^. Besides as 
in the proof of Lemma [71 there is a contact point between these two surfaces 
at every height t £ {—zq — e, zq + e). Thus the maximum principle applies 
to prove that S is invariant by 5g (here we use the connectedness of S). D 

Since S is symmetric with respect to 7q x M and 7q x M, it is invariant 
by the rotation R of angle 26 around the vertical axis {p} x M. Since 29 is 
irrational, S is invariant by rotation around {p} x M. 

This implies that S is equal to a Delaunay surface "Dr of axis {p} xM. The 
height is a regular value of T>r and 2ttt is the flux of Dj- along P,- n {z = 0} 
in the direction dz- So 27rT is the limit of the flux of A along Ar]{z = Zn} 
in the direction d^- But this flux does not depends on n and is equal to the 
flux of A along j4 n {z = 0} in the direction dz- So the parameter r only 
depends on A. D 

4.3 The main theorem 

In this section, we settle the main theorem of this paper and explain its 
proof. 
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Actually, the main theorem is based on the following proposition that 
will be proved in Section [6l 

Proposition 13. Let A he a properly embedded annular top end with cmc 
H which is cylindrically bounded. Let T = {^s)seR be a translation foliation 
of H^ by geodesic lines. The Alexandrov function ar ■ K"*" -^ M. is then 
decreasing. 

With this proposition we can prove our main result. 

Theorem 14. Let S 6e a properly embedded cmc surface m H^ x M. // S 
has finite topology and is cylindrically bounded, Ti is a Delaunay surface (i.e. 
S is rotationally invariant). 

If S is compact the result is already known [Bj, so we focus on the non 
compact case. 

Proof. Let us consider T = (7s)sg]R be a translation foliation of H^. Let 
us denote by Ef , . . . , E^ the annular top ends of S and E^ , . . . , Eg the 
annular bottom ends of S. We consider the Alexandrov functions ar,E and 
a-p ^± . We can assume that the Alexandrov functions a-p ^+ are defined on 

'> i ' i ^_^ 

[M, +00) and the a-p ^- are defined on {—00,—M]. By Proposition [T3l the 
functions ctp ^+ decrease and the functions Op p,- increase. 
Besides, on [M, +00), we have: 

ar,T:{z) = max Op p+{z) 

l<i<p ' i 

and, on (—00, —M], we have: 

ar,s(2) = max Op p-{z) 

l<i<q ' i 

So the function ar,s increases on (—00,—M] and decreases on [M, +00). 
By Lemma [9l this implies that ar,E is constant and S is symmetric with 
respect to some 7^ x M. 

Let r^ be a translation foliation of M^, S is then symmetric with respect 
to some 7g. We can assume that it is symmetric with respect to 7q x R. 
Let r2 be the translation foliation of H^ composed by the geodesic line 
orthogonal to 7q. S is then symmetric with respect to some 7^ x M. We 
can also assume it is 70- Let p be the intersection point of 7q and 7q. Let 
5f be a geodesic passing by p and T^ be the translation foliation composed 
by the geodesic lines orthogonal to g. S is then symmetric with respect to 
some 7^ x R. Since S is cylindrically bounded 7^ passes by p. This implies 
that S is symmetric with respect to any vertical plane passing by p, so S is 
invariant by rotation around the vertical axis p x R. D 
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5 Horizontal Killing graphs 

Let us consider a new model for H^: H^ = {(s,r) G M^} with the metric 
dr^ + (coshr)^ds^. In this model {r = 0} is a geodesic, {r = c} are its 
equidistant lines and {s = c} are the geodesic lines orthogonal to {r = 0}. 
Moreover ds is the Killing vector field corresponding to the translation along 
{r = 0}. In this section, we will use this model of H^ to describe H^ x M. 
The surfaces {s = c} are then totally geodesic flat planes. 

Let ri be a domain in M^ and n be a smooth function on fl. Using the 
above model for H^, we can consider the surface in H^ x M parametrized by 
(r, z) I—)- {u{r,z),r,z). Such a surface is called the horizontal Killing graph 
of u, it is transverse to the Killing vector field dg and any integral curve of 
ds intersect at most once the surface. 

5.1 The mean curvature equation 

In the following, we are interested in horizontal Killing graphs with constant 
mean curvature Hq. This condition implies that the function u satisfies a 
partial differential equation. 

Let ft and u be as above. A unit normal vector to the horizontal Killing 
graph of u is given by the following expression: 

,^_ -ds + {coshrfVu 

cosh r y^l + (coshr)2|VnP 

where V is the Euclidean gradient operator and | • | is the Euclidean norm. 
In the sequel, we will use this unit normal vector to compute the mean 
curvature of a horizontal Killing graph. 

Lemma 15. Let fl and u be as above, the mean curvature H of the hori- 
zontal Killing graph of u satisfies: 

(cosh r)^Vn ,„, 

- 2H cosh r = div ^ ^ (3) 

y 1 + (coshr)2|Vnp 

with div the Euclidean divergence operator. 

Proof. We extend the vector field N to the whole M x fi by using the ex- 
pression given in ([2]). The mean curvature of the horizontal Killing graph 
of u is then given by 

-2i? = dive2xRiV 

= (V^^iV, ^-) + (Va^N, dr) + (Va^N, d,) 

cosh r COSn T 
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Let W denote y^l + (coshr)2|Vup, we then have: 

ry 1 / — 1 fOSn T 

coshr coshr (coshr)^ \H^coshr 1^ 

(Vv«9s,<9s) 



W cosh r 
Vit • cosh r 



W 

and for a = r or a = z: 

,-= ,, „ . ,=■ —9s „ , ,„ (coshr)Vu „ , 

Summing all these terms, we get: 

Vu- coshr , , (cosh r)Vn, 

1 / (V(cosh r), (cosh r)Vn) ^ (^^g^^^) d^,.( (coshr )Vu ^ 



coshr \ 14^ VF 

1 , ,(coshr)^V«, 
■div(- 



cosh r W 

D 

Thus the constant mean curvature Hq equation for a function u can be 

written 

(coshr)2Vu 
div ^^^^=^=^^^^ = -2Ho cosh r (4) 

y 1 + (coshr)2|Vtip 

or after expanding all the terms 

1 + (coshr-)^M^ \ / {coshr)^Ur-U2 \ f 1 + (coshr)^u: 



2 + (coshr)2|VM|2y "^ " V2 + (coshr)2|V«|2y' "''^ "^ V2 + (coshr)2|Vu|2 J "^ 

+ (tanhr)Ur = — 2-Ho^-^ — 77 j-^ — '' ,„, (5) 

^ ^ (coshr)(2 + (coshr)2|Vu|2) ^ ' 

For Hq = 0, we get the minimal surface equation: 

(coshr)^Vti , , 

div ^ ^ = (6) 

y'l + (coshr)^|Vnp 

We notice that the maximum principle is true for these equations. Thus 
we have uniqueness of a solution to the Dirichlet problem associated to these 
equations on bounded domains. 
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5.2 A gradient estimate 

An important result concerning solutions of ^ is the following gradient 
estimate. 

Proposition 16. Let u be a nonnegative solution of @ on a disk centered 
at p = {rp, Zp) and radius R. Then there is a constant M that depends only 
on rp, R and Hq such that 

\Vu\{p) < max(2,32M(u(p)/i?))e*'*-^"(P)+^*'^'("(P)/^)' 

The proof of this result is similar to the one of the gradient estimate 
proved by J. Spruck in [19]; but our result does not seem to be a corollary 
of his result. 

Before beginning the proof, let us make some preliminary computation. 
So let u be as in the proposition and let S denote the horizontal Killing 
graph of u. We denote A^ = —N (see ([2])) and define v = {N,ds) and 
/i = z^/(coshr). We have ly > and, dg being a Killing vector field, 

A^iy = -{Ric{N,N) + \A\^)u 

where l^dp is the square of the norm of the second fundamental form and 
Ric is the Ricci tensor. 

Let us denote by h the restriction of s along S. We have 

Vs/^= . !, ., dj and \Vj:h\^ = . [ ., {1-1^') 
(coshrj^ (coshrj^ 

If (ei, 62) is an orthonormal basis of TS we have 



J^ QT^ ^ 2tanhr y ^j 1_ 

(coshr)^ ^ (coshr)^ ' ' ^ (coshr)^ 

2 



A^h = divs( , : ,, a,' ) = - rT\A 9j,dJ) + , ; ,2 divs(9. - uN) 
(cosh rj^ {^Q'-"'- -^-^ 

2 tanh r , „ ~ , 1 



-^(a„iV) + -_— (-Z.) > (Ve.iV,e,) 



coshr ' (coshr)^ ^-^ 

2 tanh r - 2i7o/^ 

= T—l^K^r, N) — 

cosh r cosh r 

Let us define the distance function d = ((r — rp)"^ + (z — Zp)"^)^'"^. The 
vector field dd = {{r — rp)dr + {z — Zp)dz)/d is well defined in H^ x M outside 
M X {p} and has unit length; ddd is well defined everywhere. We have: 

Vsd^ = 2ddJ and jVsd^P = ^d^\dj\'^ 
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We denote r = r — rp and z = z — Zp. We then have: 

2 

= 2{\dJ\^ + \dj\^) + 2^ (f(Ve,(9, - {dr,N)N,ei) + ziV^M - {d,,N)N,ei)) 

i=l 
2 

= 2(1 + /,2) + 2 J^ (f (Ve,9„ ej - {r{dr,N) + z{d,, N)) (Ve.iV, e^)) 

i=l 
2 

= 2(1 + /i2) + 2f J^(Ve,a,,ei) - 2Hoiddd,N) 



i=l 



We define /i = 9s/(coshr), /2 = dr and /s = 9^ an orthonornial basis of 
TH^ X M. and we write e^ = ^ • A^/j. We then have 



2 3 



J^(Ve,a.,e.) = j; j; AfA^(V^,5.,/0 



j=l fc,Z=l 
2 



^<^'>'(dr7F<^»-*-* 



= tanhr(l — /i ) 

So Asd^ = 2(1 + ^2) + 2f tanhr(l - /x^) - 2Hod{dd,N). Using the above 
computations, we are ready to write the proof. 

Proof of Proposition \16[ Let us introduce the second order operator Lf = 
As/ — 2i/(Ve-, Vs/) on S. We notice that the maximum principle is true 
for L. We have: 

As- = divE(-^Vsi^) = 2i/|Ve-|^ + iRiciN,N) + |A|2)1 

Since Ric{N,N) > —1, we have L- > —-. Let us define v = rj- with r] a 
positive function. We have: 

Lv = r]L- + -As?/ > (As?/ - ?/)- 

V V V 

We define on E the function ip = ((— gjr + 1 — e — ('s)^)''' "^^ich is less 
than 1 (e > 0) where ho = u{p) = h{P) with P = {u{p),p). Moreover, 
^p{P) = 1/2 - e and V2 = close to 9S. We define r] = e^'P - 1 with K a 
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positive constant that will be chosen later. We then have maxf > and it 
is reached inside the support of (^. 

We have Aj^r] = divsCe-^^KVsv?) = e-^^(i^2|y^^|2 ^ KAj^ip) so: 

Asr? - r? = e^'^(K2|y^^|2 ^ ^^^^ - 1) + 1 
We have 



4/i2cosh2r^ ^^ ) + 7^l^rfl +/,„ij2cosh2' 



Z5 cosn r -ft" no/i' cosn r 

1 2(i 

4/i5 cosh^ r no-R cosh r 

1 ,^ ,2 o^o 



~ 4hl cosh^ r ^ ^ it: "^^ 



where we use d < R and Af is a constant chosen to be larger than cosh r^/A + 2R + 2HqR 
on the disk of center p and radius R. So: 

,1 R ^ . .0 1 

it ^ < min(-,— — — -), |Ve'/5| > 



^2'32M/io' ' '^' - 8/i^(coshr)2 
Besides, we have 

= -Tj^(^^/^(5oiV) - ^) - -L(2(l + ^?) + 2f tanhr(l - ^?) - 2Hod{d,, N)) 
ZAiQ coshr coshr it^ 

> "TtA- - 4(2(1 + ^.2) + 2R{1 - ^?) + 2i7oi2) 
no cosh r /t^ 

-"/.g(coshr)2r^° + -R^J 
We deduce from the above computation that, if /i < min(2 — 



2 ' 32M/10 '^ ' 
1 1 / h^M'^ 



8/iQ(coshr)2 /iQ(coshr)2 V i?2 
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So if K = (12M/io + ShlM'^/R'^) we obtain that K^\V^ip\'^ + KAj^if - 1 > 
and then Lv > 0. By the maximum principle apphed to L, it imphes that the 
maximum of v can only be attained at a point q where /i > min( '' 

This implies that 



> 2 ' 32Mho ' 



u{p) u{q) min(i,32^; 

So letting e tending to we get: 



, , ,1 R . _ 
u(p) > min( — , ;— )e 



■K/2 



So: 



|Vn|(p) < max(2,32M(/io/i?))e' 



6M/io+4M2{ho/-R)2 



D 



5.3 An existence result for the Dirichlet problem 

In this subsection, we give a result about the existence of a solution of the 
Dirichlet problem for the equation @ on small domains. Actually, it is a 
consequence of the work of J. Serrin in |18| . 



Proposition 17. Let p = {rp,Zp) be a point M? and Hq be a nonnegative 
constant. Then, there exists a constant R > that depends only on Hq and 
\rp\ such that the Dirichlet problem for the equation ([4]) can be solved on the 
disk D{p, R) centered at p and radius R less than R. More precisely, for 
any continuous function ip on the boundary of D{p,R) (R < R) there exists 
u e C'^{D{p,R)) n C^{D{p,R)) such that u solves @ and u = (p on the 
boundary of the disk. 

Proof, if (f is C^, the result is a consequence of Theorem 14.3 in [18]. We 
notice that the hypotheses of this theorem are satisfied by Equation @ . In 
fact in order to have the same notation as J. Serrin, the equation has to be 
written in the form ([5]). Moreover, since the coefficients of ([5]) only depend 
on r and Hq, the radius R only depends on r^ and Hq. 

When ip is only continuous, we proceed by approximation. Let {(pn) be 
a sequence of C^ functions converging to ip in the C^ norm. We denote 
by Un the solution of ([4]) with ipn as boundary value. The sequence ii„ 
is uniformly bounded. So, by the gradient estimate (Proposition [T6|) and 
elliptic estimates, the sequence (u^) converges to a solution n of ([4]) on the 



22 



disk. Let us consider e > and n G N such that ipn — e < (p — e/2 < 
If + e/2 < ifn + £i for m large we have ifn — ^ < fm <¥'« + £• So by the 
maximum principle, Un — £< Um < Un + e. This implies Un — s < if < Un + e, 
so on the boundary of the disk 

(f — 3e/2 < fn — £ ^ liiT^ inf u < hm sup ti<93n + s<<^ + 3e/2 

dD{p,R) dD{p,R) 

Letting e going to 0, we see that u is continuous up to the boundary and 
u = ip there. D 

5.4 A uniqueness result 

In this section we give a uniqueness result for the Dirichlet problem associ- 
ated to (JH) when the domain is unbounded. 

Proposition 18. Lei $7 he an unbounded domain in M? such that the r 
coordinate is bounded on il.. Let u and v be two solutions of ^ on il. which 
are continuous up to the boundary of Q and such that u = v along this 
boundary. If the function \v — u\ is bounded on Vi, then u = v. 

The proof is based on the same ideas as Theorem 2 in [1] 

Proof. Let us define Qa = {p ^ ^\ \p\ < o-} and Ca = {p € ^\ \p\ = a}, let 
us define w = v - u and X = , ^"'^hrVt, _ coshrV^ _ ^^ ^^^^^^ 

yl+cosh^^rlViip -y/l+cosh^r|Vup 

by 77 the outgoing normal to f^Q. 
We then have 

/ w{cosh.rX) ■ f] = / w{coshrX) ■ f] = / \7w ■ {cosh. rX) 

JCa Jdna Jfla 

By Lemma 1 in [3], 

Vw ■ (cosh rX) = (cosh rVf — cosh rVu) 



cosh rVf cosh rVu 



> 



1 + cosh r|Vwp \/l + cosh r|Vup 
cosh rVf cosh r'Vu 



1 + cosh r|Vi)p yl + cosh r|Vu| 



> IXP 
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Let ao > be such that i^ao / O and denote fJ- = Jq Vu; • (coshrX); 
fj, > a u ^ V. Since w is bounded by a constant M and r is bounded on 
Q, coshr is bounded also by M. We then have: 

H+ f \X\^ <M^ I \X\ 

Let US define I {a) = Jq \X\ and la be the length of Ca, we remark that 
la ^ 27ra. We have 

Then 

fa j2(f\ 

M + y^ ^dt<Af2/(a) (7) 

Let C be the function defined on [oq, ao6xp(47rM^//i)) by the following 
equation: 

1 2M2 1 a 

1 = In — 

C ^i 2ttM^ ao 

C satisfies C(ao) = fJ-fi'^M'^) and M^C = ("^/(l-Ka). Equation © then 
implies that I{a) > C{a). But this is impossible since C(a) converge to +oo 
when a — )• aoexp(47rM^/;u). Then u and v are equal. D 

6 The monotonicity of the Alexandrov function 

This section is entirely devoted to the proof of Proposition [13l This will 
finish the proof of our main result (Theorem [Ti|) . 

6.1 The geometric configuration 

Let us consider a properly embedded annular top end A with cmc Hq which 
is cylindrically bounded. Let F = (7t)jGK be a translation foliation of H^ by 
geodesic lines. We assume that ar is not decreasing. 

By considering only ^4 n {z > zq} for some zq > large, we can assume 
that ar is increasing. Because of Proposition \W\ we can also assume that 
any horizontal section Ar]{z = z'} is composed of one curve with curvature 
strictly larger than 1. 

Using the model introduced in Section [5] for H^, we can assume that 
the foliation T is given by 74 = {s = i}. Moreover, by changing the origin 
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of the s variable, we can assume that ar(0) < and hni+oo or > 0. We 
also can assume that the intersection ^ n {s = 0} is transverse. We define 
A+ = An{s> 0} and A- = An{s < 0} (see Figure E]). 

The idea of the proof of Proposition [13] is to obtain a control of the flux 
of A along dA~^ in the direction dg . This idea comes from the Positive Flux 
Lemma in [7]. 



D 



{s = 0} 



{^ - 0} 



Figure 5: The annular end A 



6.2 A Dirichlet problem 



^+- 



Let 



The annulus A bounds a cylindricaly bounded domain D in H x 
J7 denote the domain {(r, z) G M x M;^ | (0, r, z) G D}. 

Let us denote by A~ the symmetric of A~ by {s = 0}. We then define 
on n the function / by /(r, z) = inf{s G M+ | (s, r, z) G A'^ U A~}. Since A 
is cylindrically bounded, / is uniformly bounded on O. Since the curvature 
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of the curve Ar]{z = z'} is larger than 1, / extend continuously to dQ and 
this boundary value is along (9J7 n{z > 0}. 

Since ar(0) < 0, the reflection procedure described in Section [4.11 implies 
that A~^ n {z = 0} is the horizontal Killing graph of / over dQ n {z = 0}. 

Besides, if p S dQ n {z > 0} and the tangent space to A at (0,p) is not 
normal to {s = 0}, for g G 

is bounded in a neighborhood of p 



d{q,dn) 

where d{q, dO,) is the Euclidean distance from q to dQ. 

The aim of this section is to solve a Dirichlet problem for (j3]) : we prove 
the following result. 

Lemma 19. There exists a unique nonnegative solution u on fl of Equa- 
tion dH) which is continuous up to the boundary with boundary value f and 
such that u < f on il.. 

Proof. The uniqueness comes from Proposition [18] since the r coordinate is 
bounded in Jl {D is cylindrically bounded). 

For the existence part, we use the Perron method to solve the Dirichlet 
problem. Let us recall the framework of the Perron method. 

Let f be a continuous function on 0,, v is called a subsolution for our 
problem ii v < f and if, for any compact subdomain [/ C il and any solution 
/i of (JH) with V < h on the boundary of U, we have v < h on U. If S" denote 
the set of all subsolutions, we define our solution by the following formula: 

u{q) = supv{q) 

ves 

We notice that S is non empty since the function is a subsolution; thus u > 
0. Moreover if v and w are subsolutions, the continuous function max(u, w) 
is also a subsolution. It is also clear that u < f but it is not clear that u is 
a solution to our problem. 

Since the r coordinate is bounded in 0, Proposition [T7] implies there is 
a -R > such that, for any disk A C fi of radius less than R, the Dirichlet 
problem can be solved on A for Equation (j3]). Thus for any such disk A 
and subsolution v, we can define the continuous function M/\{v) on Q as 
Ma{v) = V outside A and Ma{v) is equal to the solution of dH) in A with 

V as boundary value. Since i; is a subsolution, v < M/\{v). The graph of 

V is below A~^ and A~ so, by the maximum principle for cmc Hq surfaces, 
the graph of Ma(v) is below A^ and A~ . This implies that M^[v) is a 
subsolution. 
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Claim 20. The function u is a solution of (JH in il.. 

Proof of Claim [23 Let us consider p £ Q, and A a disk in Q, centered at p 
with radius less than R. Let (vn) be a sequence of subsolutions such that 
Vnip) — )• u{p). By considering max(0, ?;„) we can assume Vn > 0. We have 
MAivn) is also a sequence of subsolutions with M/\{vn)ip) ~^ u{p). On 
A, M/\{vn) is a bounded sequence of solutions of (jl]). So by considering a 
subsequence if necessary, we can assume that it converges to a solution v on 
A with u > V and v{p) = u{p). Let us prove that u = -u on A, so n will be 
a solution of (JH. 

If it is not the case there is a point q £ A where u{q) > v{q). So there 
is a subsolution w such that w{q) > v{q). So let us consider the sequence 
of subsolutions Ma (max (tt), ?;.„)). We have MA(max(tt;,t;„)) > M/\{vn) and 
MA(max(w,i;„)) > w. Moreover on A, it is a sequence of solutions of ([1]); 
so considering a subsequence, it converges to a solution tD of dH with w >v 
and 'u)(g) > w(q') > '^(q)- But since w{p) = v{p), the maximum principle 
gives w = V on A which contradicts w{q) > w{q) > v{q). The claim is 
proved. D 

Since < u < f, the function u is continuous up to the part of dQ not 
in {z = 0} and u = = f there. For dO, {z = 0}, we need to construct 
some barriers for the problem. 

Claim 21. Let r^, M > and e > be real numbers. There exist a 
neighborhood V of (ro, 0) in M x M+ as small as we want and a solution h of 
^ in V which is continuous up to dV such that < h < M on V, h = 

on dVr\{Rx R*^) and h{ro, 0) = M -e. 

Proof of Claim \21\ Let us consider tq G M, M > 0, e > as in the claim and 
i? > such that the Dirichlet problem for the minimal surface equation ([6]) 
can be solved on the disk A centered at (ro, 0) and radius R (Proposition [T7]). 
On 9A, let ipn be a continuous function such that 

• < V3„ < 2M. 

• = V3„ on dA n {z > 1/n} and V3„ < M on {z > 0}. 

• 99„(r, z) = 2M - ipn{r, -z). 

Moreover, we assume c^„ > ipn+i on dA r\ {z > 0}. Let /i„ be the solution 
of ([6]) on A such that /i„ = c^„ on dA. By uniqueness of the solution and 
the maximum principle, we have 
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• < /i„ < 2M. 

• hn{r, z) = 2M - hn{r, -z) so /i„(r, 0) = M. 

• hn is decreasing and /i„ < M on A n {2: > 0} 

Since the sequence is bounded, it converges to a solution /i of ([6|) on A. 
Because of the monotonicity, h is continuous up to the boundary except at 
the points (rp + i?, 0) and (rp — i?, 0). h is equal to on d/S. n {z > 0} 
and to M on A n {z = 0}. So by continuity there is an ?] > such that 
/i(ro, rf) = M — e. So if we consider the restriction of /i to A n {z > if\ we 
have constructed a neighborhood y of {rQ,r]) in {z > 7]} and a solution h of 
([6]) on y which is continuous up to the boundary such that < h < M on 
V,h = Oon dVri{z > r/} and h{ro,r]) = M — e. We notice that by choosing 
R small, we can assume V as small as we want. D 

With these barriers we can finish the proof of Lemma [T9l 

Claim 22. The function u is continuous up to the boundary of ft and takes 
the value f on it. 

Proof of Claim [2R The problem is only on dO, D {z = 0} minus its end 
points; so take a point p £ dQ Ci {z = 0}. Let us consider e > and / a 
segment in {z = 0} containing p such that / > f{p) — e on I. Now from 
our construction of barriers, we know that there exist a neighborhood V of 
p m Q such that V Ci {z = 0} <Z I and a solution hoi^onV continuous 
up to the boundary and such that /i = on dV n 0, h < f{p) — e on 
dV n {z = 0} and h{p) = f{p) — 2e. Let us extend the definition of h by 
to the whole fl. By the maximum principle, ^ is a subsolution for our 
problem, so u > h. This implies that liminfpU > f{p) — 2e. Since u < f on 
Q we have limsupp u < f{p). Then u is continuous at p and takes the value 
f{p)- □ 

D 

6.3 The asymptotic behaviour of u 

We know from Proposition [10] that the annular end A is asymptotic for large 
z to a Delaunay surface. In this subsection, we will see that this asymptotic 
behavior passes to the function u. 

Let {zn) be a sequence such that z„ /^ +00 and t_2„(^) converges to a 
Delaunay surface T>r, let us denote by G the cylindrically bounded domain 
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whose boundary is T>r- We notice that by our normahzation of A, the axis 
of Vr is {r = 0, s = hm_|_oo ar}- 

Let us also denote by t_2^ the translation by — z„ in the {r,z) plane. 
Because of the asymptotic behavior of A, the sequence of domains t_^^(0) 
converges to the domain r^o defined by Qq = {(r, z) G M^ | (0, r, z) G G} (the 
convergence is smooth on any compact). Let us define T>~ = T>r H {s < 0} 
and P~ the symmetric of T>~ by {s = 0}. T>~ is a horizontal Killing graph 
of a function /o on Qq. Actually, /o = lim/ o tz„- 

Let us consider the sequence uotz„ < f°tz„ on t_2„(il), it is a uniformly 
bounded sequence. So if we consider a subsequence, we can assume that 
uotz„ converges to a solution uq of (j4]) on r^o- Moreover we have < uq < /o- 
This implies that uq is continuous up to OQq and takes value there. We 
then have uq and /o two solutions of ([4]) on il.Q with the same vanishing 
boundary value; so, by Proposition [181 ^o = /o- 

The uniqueness of the possible limit implies that the whole sequence 
u o tz„ converges to /q. 

6.4 Computation of fluxes 

The idea of this section is to compute the flux of A along the boundary of 
A~^ in the direction of ds and find a contradiction which will prove Proposi- 
tion [l3l 

Let (zn) be an increasing sequence such that z„ — > +oo and Qq be the 
associated limit domain. This domain is either a strip if r = 2HQ—y/AHQ — 1 
or a periodic domain composed of successive "bubbles" if < r < 2Hq — 
\/4:H^ — 1. By adding a constant to (zn), we assume that {z = 0} is a line 
of symmetry of Oq. If uq = limu o t^^, we get that Uo(r, z) = UQ{r, —z) and 
T>T- is symmetric with respect to {z = 0}. 

The boundary of A^ = A'^ n{0<z<z„}is composed of four smooth 
arcs: 7I = A+ n {z = 0}, j^ = A+ D {z = z^} and 7^ = ^ n {s = 0} n {0 < 
z < Zn] (7n is actually composed of two arcs). The fiux of A along dA^ 
in the direction of dg is equal to since dA'^ is homologically trivial. The 
idea is to use the graph of n as a barrier for the computation of FQj^+{ds) 
to prove that it can not vanish for large n. 

Let us denote by VLz^ the subdomain n {0 < z < Zn\- In order to 
compute the flux, we need a surface Q bounded by dA'^ : we define Q as the 
union of G Pi {s > 0, z = 0}, G Pi {s > 0, z = z„} and {0} x 0^,^. The term 
{ds,nQ) is zero along the first two parts and is equal to — coshr along the 
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third part so the flux of A along dA'^ is equal to 

= Fg^+ids) = f ii7,ds) + 2Ho f coshrdrdz (8) 

JdA+ JQ.,^ 



On an other hand, we have from 

,2 



f COsll T^^ll f 

0= / ( , f])ds + / 2i:focoshrdrdz (9) 



1 + cosh r|Vnp 

with f] the outgoing unit normal to O^^. We notice that, even if we do not 
know that u is smooth up to the boundary of fJ, the first integral is well 
defined since the vector field cos rvu ^^ bounded and Equation dH) is 

^l+cosh2r|V«|2 ^ ^-^ 

satisfied. 

Thus Equations ([8]) and ([9|) give 



cosh r\7u 



dQ,„ /l + cosh^rlVuP -^^^i 



ff)ds- / {i7,ds) (10) 



In order to compare the terms in the above equality, we need to study 
the regularity of u at the boundary of ft. 

Let us define c^ = dQ,z,^ H {z = 0}, c^ = dflz^ H {z = Zn} and c^ = 
dQzn \ (c^ U c^). We notice that 7^ = {0} x c^, so the same notation can be 
used to denote the two curves. 

Claim 23. The function u is C^ up to the boundary at each point of c^ 
(except its end-points) and each point in c^ where A is not normal to {s = 
0}. 

Proof. Let p be a point c'^ where A is not normal to {s = 0}. As written 
at the beginning of subsection 16.21 there is a neighborhood of p such that 
f/d{-,dQ) is bounded. Since < u < /, Proposition 1161 gives a uniform 
upper-bound for |Vti| in a neighborhood of p. Since u satisfies Equation Q 
and the boundary data are smooth, elliptic regularity theory implies that u 
is C^ up to the boundary near p (see for example [10], Theorem 4.6.1 gives 
(ji,a j-gguiarity and Theorem 4.6.3 gives C^ regularity). 

For the regularity at a point in c^ , the argument is the same but we have 
to prove the uniform upper bound for the gradient. We notice that, near 
7^, A~^ is the graph of /. So, near c^, / is a smooth function. Since u < f 
this give a barrier from above with bounded gradient for u. The problem is 
to obtain a barrier from below. 
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The curves 7^ and {0} x c^ bounded a convex domain in H^ x {0} whose 
boundary is thus composed of an arc of curvature larger than 1 and a 
geodesic arc. Let us denote by U this domain viewed in H^ x {0}. Let 
q be the middle of {0} x c^. Let e be positive and r^ be the Jordan arc in 
H^ X M composed by 7^ and two geodesic arc joining the end points of 7^ to 
ts{q)- When e is small, the two geodesic arcs are included in {0} x 17. Let 
Sj be the solution of the Plateau problem in H^ x R with T^ as boundary. 
Since Lg is a vertical graph above the boundary of the convex domain U, He 
is unique and is a vertical graph above U. Moreover, this graph is smooth 
up to the boundary (barriers from above and below can be easily found). Sg 
is included in {z > 0} and can not be tangent to {z = 0} by the maximum 
principle. The translate t-a{Te) for a > never meets the graph of u. So 
by the maximum principle, t_a(Sj) never meets the graph of u and then S^ 
is inside {(s, r, z) G R x | s < u{r, z)}. Since Sg is not tangent to {z = 0} 
along 7^, Eg is a good barrier from below for u. 

We then get a uniform bound for the gradient of u near any points of c^ 
(Proposition [T6|) ; this gives us the C^ regularity up to the boundary. D 

Using the regularity of the function u, we prove the following statement. 

Claim 24. We have: 

cosh^ rVu /" / - fl A ^ n 

Jl + cosh2r|Vu|2 -^71 

and 



cosh^ rVn ^, # , ^ „ x 

( ; ^,V) - I _^ {^, ds) > 

1 + cosh rlVuP 



Proof. The curve 7^ is the graph of the function / over c^ and, in fact, close 
to 7^ , A'^ is the graph of / so we have 



7' -^"^ -^1 + cosher] V/l 

Now since u < f and by the maximum principle u and / can not have 
the same gradient on c^ this implies that along c^ we have 

cosh^ rVu cosh^ rV/ 

( ; ,V) > ( ; ,V) 



1 + cosh^r|VM|2 ^/l + cosh^r|V/|^ 
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This give the first inequahty. 

For a point p in 7^^, if A is normal to {s = 0} {vidg) = — coshr. Since 
, '^"'^ !" " has a norm less than coshr everywhere, we get a large in- 

equality at p between the to integrand. 

If A is not normal to {s = 0} at p, we remark that the term {v, dg) give 
the same result if i7 is the conormal to A~^ or A~ . Besides the graph of u 
is regular up to the boundary and is below A~^ and A~ . So, with z/^ the 
conormal to the graph of u and i'a the one for A~^, the maximum principle 
implies that {i'u,ds) > {i>A-,ds) at p. After integration we get the second 
inequality since there is always point where A is not normal to {s = 0} on 

7^ □ 

We have the following limits for the integrals along 7^ and c^. 

Claim 25. We have the following limits: 



lim / (i7,a,) = 



and 



f cosh^ rVu 

hm / ( , , ^) = 

"^~-^4 ^l + cosh2r|Vn|2 

Proof. Since t^zni^) converges to T>r, the first limit is equal to the integral 
of {v,ds) along the curve Pr H {s > 0, z = 0}. By our choice of (zn), the 
surface V^ is symmetric with respect to {z = 0}. The conormal is then 
equal to dz and the scalar product vanishes. The limit is then 0. 

For the second limit, we know that u o tz„ converges to uq this implies 
that the limit of the integral is equal to 

cosh^ rVun _ , 

--:dz) 



f^on{2=o} ^l + coshV|Vuop 

We notice that a priori the convergence of uot^^ is smooth only on compact 
subdomains of Qq but since the integrand is uniformly bounded it is sufficient 
to take the limit of the integral. Now, we have uo{r, z) = uo{ro, —z) so Vuq 
is normal to dz on Hq n {z = 0} and the limit integral vanishes. D 

Now using Equation (jlOp and Claims [25] and [25l we get our contradiction 
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which finishes the proof of Proposition [13] 



cosh rVu 



= hm( / ( , ^,fi)ds- / {u,ds) 

ldn.„ /l + cosh^rlV^P -^^^^ 



/cosh^ rVti . , f ,^ r. •, 

( , =,r/)dg- / (z7,9,) 

-' a/i + cosher] Vu|2 -^7' 

>0 
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